OPEN CALCULATIONMETHODBASED QN NUMBERS(ABN)

Anewway foteach mathematical caleulation

Maria C. @htoLopez
University of Cadiz

University of Tampere



OPEN CA.CULATION METHOD BASED ON NUMBERS (ABN). A new way to teach mathematical calct

INDEX
INTRODUCTION 2
1. METHODOLOGICAL CHANGE 3
2. DIVERSITY AWARENESS IN MATHEMATICS 3

3. CLOSED CALCULATION METHOD BASED ON CIPHERS

(CBC TRADITIONAL METHOD) 5
3.1.The purpose of math teaching with the traditional method. 5
3.2.Numerical model used (Abacus) 6
3.3. Problems with the numerical model in the operations 9

4. OPEN  CALCULATION METHOD BASED ON NUMBERS

(ABN METHOD) 11
4.1.History and characteristics of tABN method 12
4.2.Advantages 13
4.3.Procedurdor the different operations 13
5. CONCLUSION 21
6. REFERENCES 21

1 MARIA C. CANTO LOPEZ



OPEN CA.CULATION METHOD BASED ON NUMBERS (ABN). A new way to teach mathematical calct

INTRODUCTION

All teachers teach the same mathematical calculation method and everyone learns
the same procedure. However, adults most often need to solve mathematical problems
without paper and pencil and do not apply the instructions they kearned. In order to
do this we mentally calculate with methods quite different to the way they have been
traditionally taught. For this reason, another way to teach mathematical calculation is

necessary.

Teachers and educational researchers are iomissihat the closed traditional method
based on ciphers (CBC) presents serious problemgliffrailties in calculation and
solving problems because it is an irrational method, especially for the students with
difficulties. These disadvantages of the itiadal method have become a favourite
topic for analysis in greatamount of issues, such as Ablewhite (Ableehit971) and
other, more recenguthors (Ferrero, 1984; Alcala, 1986; Kamii, 1986; Castro, Rico y
Castro, 1987; Baroody, 1988; Maza, 198Resnick y Ford, 1990; Dickson, Brown y
Gibson, 1991; Vergnaud, 1991 Gémez Alfonso, 1999; Chamorro, M.C. (coord.), 2005).

The main differences between the CBC and the open calculation method based on
numbers (ABN) are that the former is a closed methocussc only one answer is
possible: bildren apply the same consideration to each cipher separately and the
process is the same for each amount. The new method ABN, however, is open and
personalized because students can solve operations in multiple walysstedent
solves operations easily, comprehensibly and without stress using a table where they
compose and decompose numbers freely. In this method, students acquire a real number
and amount concept and each child develops the necessary steps, thdaptakla to

each individual.

The purpose of thigext is to expose the need for a methodological change in our
teachers and classrooms because a new method to teach mathematical calculation is
possible Furthermorein addition to expounding the new mathegical learning method
(ABN), the text also will highlight the importance of diversity awareness in
mathematics. Additionally, an explanation about both methods will be given.
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1. METHODOLOGICAL CHANGE

In this section, the main reasons for this change mesented because the
traditional method (CBC) has several faults and problems for children. The CBC
method has been used for many years and it was created in a quite different context. The
origins of this method had an economic aim, for the economyrandaictions in the

markets, but no an academic goal.
A great deal of research has demonstrated that with this method (CBC):
- Pupils do not learn to calculate
- Pupils do not learn to solve problems
- They present a negative attitude towards mathematicaldgarn
- Pupils have more possibilities to fail than to pass.
- This situation has been going on for tens of years.

The persistence of poor performance over time indicates that the problem is deeply
rooted. This problem affects the current whole paradigm ohenadtical learning,
therefore the greatest trouble is the calculation system used by teachers in all schools.
Later, when the purpose of math teaching using the traditional method is explained, the

main reason of this problem will be specified.

2. DIVERSITY AWARENESS IN MATHEMATICS

According to Martinez Montero, J2011) in the document aboufi Di ver si ty
Awareness in Mathematics:Met hodol ogi cal andmastufthet cul ar
proposals which were with respect to the awareness of children's diffapatities and
skills, are focused on organizative or procedimental aspects and not on curricular
aspects. This situation is common in all curricular areas, above all in mathematics. The

differentpoints of view offered to the children azencentratedmthree aspects:
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- The learning moment (learning is slowed down when children need special

attention).
- Learning speed (the contents are worked on more slowly).

- Learning amount (some learning contents are eliminated for the children with
difficulties).

Regading gifted pupils no special treatment exists. This diversity awareness is
produced for an obsolete method, based on mechanical learning of calculation and
behaviouristpsychological approach. The central part of the traditional mathematical
learning conists of times tables memorization, the basic combination of digits and the
instruction set which is followed to solve the operations (addition, subtraction,
multiplication and division). For example, the multiplication operation, 3247 x 7, is

solved followng the steps below:
1. Memorization times tables of the number 7 and rensgimdpthe numbers.
2. Division of the multiplicand in ciphers {3-4-6).

3. The child has to take the ciphdrtbe right (6), and it is matched with the number 7.

Now, the result is searel for in the memory (6 x 7=42).

4. When the number is found, and it is smaller than 10, it below the line and the first
cipher on the right. If this number is bigger than 10, only the cipher of the units (2) is
written and the child has to keep in his/heimmey the cipher of the tens (4).

5. Now, the next cipher on the left is taken (4). It is matched with the number 7. The

result is searched for in the memory (7 x 4 = 28).

6. The number kept in the memory is added to this number (28 + 4 = 32). This number
is written to the left of the last number below the line (2) the cipher of the units (2) and
another cipher of tens is kept in the mem@)y

7. The same process is done with the other ciphers (2 and 3).

8. With the last number (3), the product is written in full (3 x 21).
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9. Finally, the value obtained is read.

This learning to solve operations is a boring and memoristic method, because only
two skills are necessary: memorizing the times tables and knowing how to add the digit
kept in the memory to a number with twiphers. The process is difficult because the

pupil does not understand anything and at no time knows what she/he does.

Attending to diversity from a methodological and curricular approatch

mathematicénvolves:

I. Utilizing learning processes in accorden with the children's maturity and

development.

II. Increasing flexibility of the algorithmic options offered to pupils to adapt them to the

realities which represent and symbolize.

. Facilitating multiple ways to solve operations depending on the differeatitias
and skills of each child.

3. CLOSED CALCULATION METHOD BASED ON CIPHERS
(CBC TRADITIONAL METHOD)

CBC s a closed method because only one answer is posdiiltfea apply the
sameconsideratin to each cipher separately and the process is the faneach
amount. This method produces several difficulties and faults in the mathematical
learning. The main problem of this method is its purpose, the numerical model which it
is based on and the need to follow inflexible and illogical procedures amdtoutelve
the operations.

3.1.The purpose of math teaching with the traditional method.

The current mathematical methodology was created several years ago. The
purpose of this method was ensuring that children solved operations in a fast and

accurate waybecausdhere were no machines to assist in calculation. Mathematical
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learning was not used to educate pupils, but rather the chilgh@te'stiality andskills
were used to obtain a calculation tool.

The purposeof mathematical learning was and is thaipils do addition,
subtraction, multiplication and division operations in a fast and correct way, and not that
they learn to add, subtract, multiply or divide. All mathematical and methodological
aspects wersacrificed. Nowadays, this purpose is mealaisg) and it is explained for
the reasons below:

Currently, a great number of calculation machines exist and these machines

calculate better and faster than us.

Anyone who is an adult calculates without pencil and paper, because this method
is only useful athe beginningf mathematicalearning.

To teach mental calculation is the best way to teach mathematical calculation.

The aim of mathematical learning should be to prepare the children to acquire,
understand and apply the knowledge and the mathemgtadalin their everyday life.
In brief, teachers should train pupils to be competent in mathematics. The objective will
not be to do mechanical calculation, but to use the trajpitgntialitiesof calculation
(and mathematics in general) to enhancectiilgren’s intellectual development and to

increase their mathematical competency.

3.2.Numerical model used (Abacus)

The most common numerical model used is based on the abBaousd the
world, the abacus has been used ingmgools and elementary sch®as an aid in

teaching the numeral system and arithmetic.

In Western countries, a bead frame is used with straight wires and a vertical
frame has been common. It is still often seen as a plastic or woodef h®y.

illustrationsbelowpresent the most tygal abacus used in schools:
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The vertical line on the right

| represents 3 units.

" The next vertical line has 1 ten.

The vertical line on the left
represents 2 hundreds

A

However,the numerical model should be more flexible, I@jiand visual. The

next illustrations represent some examples of this numerical model:
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se —s0=50+[____ |-86 — The number 50 | addo what is
missingto obtain 86
+10 +10 +10 +5
50 0 70 so s o0

S0+ 10+ 10+ 10 + 6 = 86

50 + 36 = 86
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It is written One One One One One One One One One One
hundred | hundred | hundred | hundred | hundred | hundred | hundred @ hundred | hundred @ hundred

one two three four five Six seven eight nine

Itis read 100 101 102 103 104 105 106 107 108 109

110 111 112 113 114 115 116 117 118 119

120 121 122 123 124 125 126 127 128 129

130 | 131 132 133 134 135 136 137 138 139

140 141 142 143 144 145 146 147 148 149
150 151 152 153 154 155 156 157 158 159

160 | 161 162 163 164 165 166 167 168 169

170 171 172 173 174 175 176 1767 178 179

180 181 182 183 184 185 186 187 188 189

190 | 191 192 193 194 195 196 197 198 199

The numerical model through the abacus has serious problems:

- It represents a false vision of the number and numerosity. For instance, to count
25 with the abacus becomes a difficult and ikadjiprocess. The main question is how a
child could count more easily and comprehensibly 25, using the abacus or the numerical
table:
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01 23 4 5/ 6|7 8 9
10/11/12/13/14/15/16 17 18|19
20|21 22|23 24 25 26 27|28 29
3031|3233 /34/35/36 37 38|39
40 41 /42|43 44 |45 46|47 |48 49
505152 53/54/55 56 57 5859
60|61 62 63 64 65 66 67 68 69
70|(71\72|73 7475 76 77|78 79
808182 83 84 85 86 87 88|89
90|91 /9293 94 95 96 97 98 99

All operations are solved as if the numbers represent amounts lower than ten.

Children apply the same treatment taleaipher separately

It requires an inflexible calculation procedure and only one answer is possible.

The next example shows a subtraction whiére numbers receive the same
treatment regardless of their position and amount represented, all cipherk/atdeas
units. For this reason, this model is irrational and illogical. Consequently, children do

not link the number and amount concept.
3. .9 3::25
: 19 — PR 19)
X2 3. D= 9
6 1 6

This way of calculation prevents achieving real operations because the numbers
are not units of significance, thare obtained conversely to how the brain processes. In
addition the composition and decomposition of numbers is performed by placing a
number next to another. In consequence, it prevents the estimation in the calculation

operations, both mental and weitt
3.3.Problems with the numerical model in the operations.
Subtractions

Subtraction is the operation which produces most problems. When the number
on the top is smaller than the number on the bottom, the difficulties and the absurd

process begin. The twmggest problems with this kind of subtractions are:
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1. The procedure is absurd; therefore children do not understand the process and solve

operations following the rules and a mechanical way.
2. The children perform an unreal and different operation.

As an illustration, the operation proposed and that performed are presented

below.
PROPOSED OPERATION
7 0 0
-1 5
5 4
PERFORMED OPERATION
8
-2 6
5 4 4

Multiplications

The problems presented by the multiplication operations are:

1 Opaity. The procedure is inflexible as in the other operations and do not

represeng real numbers and amounts.

X 600 30 2 Total

{0l 48000 2400 160

5 0 5 6

Total 53400 2670 178 56248

5 6 2 4 8

CLOSED CALCULATION METF OPEN CALCULATION METHC

(CBC Method) (ABN Method)
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1 The zerosareinterspersed.
1 The impossibility of fragmentation.

1 The inability to practice all multiplicative structsre

Division
Themain problems with thdivision operations are:
- The problem of the order of magnitude.
- The problem of zero in the quotient.

- The problem of the decimal nhumbers in the divisor.

4.  OPEN CALCULATION METHOD BASED ON NUMBERS
(ABN METHOD)

The alternative to théraditional method (CBC) has to follow the following

principles:

- Calculation based on numbers.

- Numbers considered from different points of view.
- Open calculation method.

- Transparent calculation.

-Realistic estimate, referenced.

- Calculation with eal problem solving.

- Calculation with estimation arepproximation

11 MARIA C. CANTO LOPEZ



OPEN CA.CULATION METHOD BASED ON NUMBERS (ABN). A new way to teach mathematical calct

4.1.History and characteristics of tA&8N method.

The new methodology was created by Jaime Martinez Montero. This
methodology began from his Doctoral Thegablished in 1995in which the author
proposeda complementary approach to the operatiohkearning andexaminedmany
of the students' difficulties in problem solving, and where these difficulties originated.

Another important contribution to this new methodology was the fitgtl@arby the

author written in 200lfiUnwant ed effects (and devastat.i

met hods of numbering and the four basic

The first book (MartineaMontero, 2000)explainsan alternative proposal to
mathematical perations,whereasin his second bookMartinez Montero, 2008) he
details the new system of calculus. Finally, the last book incorporates this new approach
in the remedial teaching of mathematickldrtinez Montero, 2010). The ABN is a
method for mental ahimetic and problems solving anddsdferent because it promotes
real learning.tl 6 s d@petdlbeeadse the students can solve operations and problems
in several ways, being a method whichters forthe individual progress of each
student.Nowadays more bookshave beempublished (Martinez Montero, 2011) about

this methodology which are used by teachers for teaching oiabgroom

The mainobjective of this new method is eliminating ttiaditional formats of
the basic operations and replacingrthforopen calculation based amumbers format.
The adoption of this new methodology attemfi achieve the totathange inthe
teachinglearning process of calculation and problem solving in primary education,
using as formal support for problem leiagn a model based on semantic categories.
Next years will be applied in secondary educati®acondary objectivedut no less

important are:

1. Improving mental calculation and estimation capability.
2. A significant improvement in the ability to solve probkem
3. The creation of &avourableattitude to learning mathematics.
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The open calculation method based on numbers (ABBPen and personalized
because students can solve operationseveral ways, each student solves operations
comfortably, easily and aenprehensibly using a table, where they compose and
decompose numbefeely, acquiring a real number and amount concept and each child

develops the necessary steps thus adapting the method to each individual.

4.2. Advantages.

The open calculation based nambers methodrom henceforthABN) has two
types of advantageJhe first is that it makes many of the difficulties of traditional
algorithmsdisappearsuch agllogical subtraction, no zeros to the quotierfthe second
one is that it allows each ustent to use his/her own processing system in the

calculations; for this reason it is called open calculation method.

ABN algorithms are based on numbers, which facilitates the relation to the
children's natural intuitivgprocesses andevelo a dynamicapproach of the number
sense. Additionally, these algorithms are open and adjustable, transparent, are developed
with the use of references, facilitatiee story of what is done and finally develop
higher capacityfor estimating For this reason, thisethod couldorevent the difficulties

students presently have and solve them if they occur.

4.3. Procedurdor the different operations:

1 ADDITION

The essence of addition is to accumulate an adderide other. Once fully
accumulated, the new addend Ivglve us the result. Ithe traditional algorithm, the
format can beonly done one way: decomposing the addendisto units, tens,
hundreds,...; placing them properly and, finally, making a combination unit to unit and

following the order from less to higher (no exceptionand no possibility to modify
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this rule are allowed). At théeginning of the learning, children use different
manipulative materials such asthpicls, lidsé

Addition has different phases:

Y 1st phase:

The child adds 2% 39, but does not see the addends as
two tens and five units, but treats them as if all its
members were drives; that is, as if adds toothpick to

toothpick.

Y Transition phase:

In this stagean evolutions presented clearly. Children
begin to solvehe addition into two actions: units and

tens in one go and separately.

14
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Y 2nd phase:
In this phase, for some

children the numbers represent

a set of tens and loose units.

Y Transition to 3rd Phase. Grouping of tens:

In this case, the number oéns is divided to operate

better, but the set of tens is higher than in the last phase.

Y 3rd Phase:

The last stage is more complex and children can
solve the operations in different ways, presenting a
higher capability or domain to combine tens and

units.

1 SUBTRACTION

In subtraction three different basic modele used which are adapted to
different types of problemsThe first is used to detraction and comparigoablems
(problemas de detraccién y comparacién) as set out {®lavtinez Monteo, 2008):
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Y Detraction and comparison format

This type of subtraction is solvday removing from
both terms the same amount untihe smallest

.. ioy  disappears. The resulting number of the highest

| amount is the result.
‘ | I

n this problem type 94 . e.

- How many euros do | have?) the first column indicates

the initial amount, the second one the amount which |

am spending and the third one the amawinich | can
spend. In some schools the column positionsveay

depending otheteachers.

Y Ascendig stair format

This subtraction process is the most natural and the most likely to be employed
by children. It is the system used in the operationgiwhg change inshops This
format only use$wo columnsin the first one, the partial amounts amlocated In the

second one, the progress is representedthetiflesired amouig obtaired

The process is easy to explainirsBy, from the
subtrahendthe amounts are addedtil to arrivingto
the minuendAdding to the subtrahend (first column)
the necessary amounend in the second colunthe
obtained amountsare written. When the number
requested is obtained, add all the amountshi@in

the result. In this case, the atldn is more worked

than the subtraction.

Y Descending stair format

The process followed in this model is oppositeheascending stair format. In
this case, the highest amount is converted in the smallest amount, in two columns. The

typical problem model for this format is: How many floors do | have to descend from
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the 34th floor to the 13&? The exampleshowsthe operation realized by a chiid
second grade and the steps to solve this problem.

1 MULTIPLICATION

In the case ofmultiplication, there ardewer alternatives because & operation
which requires the memiaation of times tables. The process is simple, decomposing

the factor in units, tens, hundredsdthenthe partialproducts are added.

The examplebelow shows howsome children decompose the numbiersa
different way depending on the childrencapacity. This exampleshows the
multiplication, 213x4Firstly, the child decomposed the hundreds and later decomposed
the number 180 8 and 5, instead 10 and 3.
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1 DIVISION

Division allows different degrees of adaptation and breakdown hef t
calculations. In the initiation process, the children express different deaepending
on ther ability with the times tables. & child controt the times tables, being able to
multiply units, tens, hundreds and thousands, tiedshecan solve altivisions by one
cipher on the quotient.

This algorithm consistsf three columns. The first one
on theleft represents the total amounts to be distributed.
The second one, in theentre represents the amounts
taken by the child for doing the accuratsstribution
The column on theight represents the partial quotients.
The sum of them represents the total quotient and the

amount in the first column is the remainder.

The next examples show the different ways to solve the divisions, depending on

the children's skills.

1 DOUBLE SUBTRACTION (DOBLE RESTA)

This operation was created by a child in first grade who said to his teacher that
if there are additions which have more than two addendsandthere notsubtractions
with more than onesubtrahend. And later, he tried it. This was correct because a
subtraction with variousubtrahendss possible in the ABN algorithm. This faglows
a problem to be converted from two operations into one, which is solved at once.
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The example below showa double subtraction realizedy children with less
calculation capacity, whiclpresenta conservative strategy. Firstly, subtract the first
subtrahenddhildrenwho went ornthe excursion) and later subtrastothersubtrahend

(those who went to the cineh

There are 634 children at the school. 176
them wenton the excursion and 84 to tk
cinema. How many children are at t
school?

684 -176 -84

130 554 46 84

54 500 46 30

70 430 6 0

6 424 0 0

When children have more ability and
1, practice they canuse other strategies to solve
the double subtraction. They use one or
another subtrahend or both at the same time.

This last example represents the most advanced calculation levethiltie

groups two subtrahends into one and then subtitZfoten the minuend at once.

There are 634 children at the school. 176
them wenton the excursion and 84 to th
cinema. How many children are at t

school?
| 684 -176 -84
+84| 684 260 0
260] 424 0

1 ADD-SUBTRACT (SUMIRRESTA)

This case is similaotpreviousoperation because it also converts problems with
two operations ito another with one operation and facilitates mpuossibilities of

calculation. This operation is useddombinedoperation problems which have to be
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solved through one subttsan and addition. In these operations, children have to
indicate with signs if the operations are idds or subtragbns

At the first level, children solve one

There are 634 children on the playgrou
174 of them wenbn the excursion and lat{ termandlater solve the second one. In
105 Ocame How many children arehere| fact children solve two consecutive
NOwW?

operations. In the example presented,

634 -174 +105
-134 500 _40 +105 | first subtract the children who gm the
-40 460 0 +105 | excursion and then add those who
+105 565 0 0 )
arrive.
The second level is achieved Wh:;{here are 634 children on the playgrou

174 of them wenbn the excursion and late
children combine both terms depending0o5 came. How many children ar¢here

: . ?
on the needs of calculation. Thid!OW:
| he left His love 634 -174 +105
example on the left represents this levet o0 200 0 105
in which both operationsare solvedat +100 600 -40 +5
. . . -40 560 0 +5
the same time, combining atdns and C Z65 0 0

subtradbns.

The third lewel is produced when before confronting the firallculation;
children reduce subtrahend aaddend intoa one term. With that term operates and

leads to the result. This level involves the possession of appreciable calculation skills.

There are 634 chilen at the school. 176
them wenton the excursion and 84 to th
cinema. How many children are at th

school?
684 -176 -84
+84 684 260 0
260 424 0

20
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5.CONCLUSION

Research results support that mathematics could become a powerful tool for
intellectual development of children, a fundamental piece in building the logical and
critical thinking. Research findings demonstrate students through the ABN Method
learn faster and better, because children's scores of calculation and estimation improve,
as well & increase ability in solving problems in fact difficulties and mistakes of the
traditional algorithm disappears.

This method is opening new ways to teach mathematical calculation and at this
time, a great number of issues &eginning to evidence that it is a more motivational

and logical method for children.
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